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Performance of an Aerospace Plane Propulsion Nozzle

Yoon-Yeong Bae* and George Emanuelf
University of Oklahoma, Norman, Oklahoma 73069

A novel inviscid and viscous analysis is provided for a nozzle that is used with a scramjet for thrust generation.
The analysis is based on the theory of a two-dimensional minimum length nozzle with a curved inlet surface, where
the flow is sonic or supersonic. Inlet conditions are prescribed and the gas is assumed to be perfect. Viscous and
inviscid nondimensional parametric results are provided for the thrust, lift, heat transfer, pitching moment, and a
variety of boundary-layer thicknesses. In addition to global results, wall distributions of thrust, heat transfer, etc.,
are provided. The analysis demonstrates that the nozzle produces a lift force whose magnitude may exceed the
thrust and a significant pitching moment. The thrust is sensitive to the inlet Mach number; it rapidly decreases as

‘this Mach number increases. There is little loss in the thrust as the nozzle’s downstream wall is truncated while the

corresponding decrease in lift and the pitching moment is moderate.

Nomenclature

A = cross-sectional area

A,A’,B,B’,C’ = special wall points

ab,c = wall sections of the nozzle

C = Chapman-Rubesin parameter,
=puf(p.p.)

Cr,Cp,Cy,Cp = mnondimensional thrust, lift, pitching
moment, and heat transfer coefficients

C,,C, = parameters (see Ref. 8)

C, = viscosity constant, =u/T

Cc,.,C_ = left and right running characteristics,
respectively

¢ = skin-friction coefficient, =217, /(p,#2)

2.6, = Cartesian basis

F.M.Q, = reference values for the thrust and lift,
pitching moment, and heat transfer

oo = forces due to pressure and skin friction
. = velocity gradient at the wall

G, = enthalpy gradient at the wall

L = stagnation temperature ratio, =7, /T,

H, =see Table 1

h = enthalpy

K = constant defined by Eq. (17)

I = length defined by Eq. (5)

M = Mach number

M, M, = pitching moments due to pressure and
skin friction

m = mass flow rate

Pr = Prandtl number

P = pressure

Q = integrated wall heat transfer

q,. = local wall heat transfer

R = radius

Re, = Reynolds number defined by Eq. (10)

R, = specific gas constant

s = arc length along the wall

T = temperature

u = velocity component parallel to the wall

vV = flow speed
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x ~ = nondimensional length defined by Eq.
(25)

X,P,Z = coordinates defined in Fig. 1

= pressure gradient parameter

Y = specific heat ratio

6,0,,0%,0,¢ = velocity, thermal, displacement,
momentum, and stagnation enthalpy
thicknesses

0 = angle between velocity and the x
coordinate :

0* = initial expansion angle for the upper wall
of the nozzle '

7 = boundary-layer similarity variable

NorMew =1 value at the thermal and velocity
boundary-layer edges

£ = transformed coordinate along the wall

u = viscosity

p = density

T, = wall shear stress

o =0*—v+v

Y = [(peue-igi)/ziue] 1/2/(~i§i)

Subscripts and Superscripts

e =edge of the boundary layer

f = nozzle exit plane

i = initial data line

inv =inviscid part of a performance parameter

0 = stagnation condition

)4 = pressure contribution

r = reference value

tr = truncation -

vis = viscous part of a performance parameter

w = wall condition

T = shear stress contribution

™ = dimensional spatial variable

) _=normalized quantity

)y =upper nozzle wall

¢y = derivative with respect to the similarity
variable

oo s = optimum conditions for 6*

Mach Number Functions

F = MX G —DR2e-D

I(M) =2M> - 1) +[(y + D/2M*M?* - 1) "o

M, [ X\'1? y+1 1 1
JM.M;) o [M <X,-> ]+ 20 — 1) (X,. X)
S [y — D2IM?

141G — D2M?
—1+[( — 1)/2M?
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o =(M,;/M)X/X,)&+ D20 -1 ‘ II. Inviscid Formulation

_(y N2 Ty =12 " Any MLN with a sonic line inlet has a cusped wall' at the

v U= tan T+l (M*—1) throat (point 4’ in Fig. 1). When M, > 1, neither wall has a

= tan~! (M2 — )12 cusp, and Fig. 1 is drawn for this case. Of course, a cusp in

. the wall results in severe heat transfer and may lead to

K =sin"(1/M) boundary-layer separation.® The no-cusp situation is therefore

I. Introduction

BLENDED forebody configuration for the aerospace

plane suggests the use of the upper half of a minimum
length nozzle (MLN) for the afterbody. The shape of the
afterbody can be based on the theory of a two-dimensional
MLN with a circular inlet surface. Figure 1 shows a schematic
of the nozzle, where flow at the inlet is a supersonic source
flow and the exit flow is uniform. A two-dimensional nozzle is
appropriate for the compressive flowfield produced by ‘the
forebody and takes advantage of the lift that is generated by
the pressure on the nozzle’s upper wall. Of the various MLN
configurations, only the two-dimensional one with a curved
inlet line, or surface, possesses a complete inviscid analytical
solution.! Further discussion of MLNs, including additional
references, is contained in Refs. 2 and 3.

Our objective is to provide comprehensive nondimensional
parametric results that establish trends and reference criteria
against which alternate approaches can be compared. Global
results are emphasized that provide thrust, lift, heat transfer,
pitching moment, and boundary-layer thickness\gs. In addi-
tion, selected wall distributions of various parameters are
given. Of course, both types of results are essential for design
studies.

Since this is an initial treatment of a scramjet thrust nozzle,
we have kept the analysis as simple as possible with emphasis
on an analytical formulation. An important second objective
is, therefore, to establish a general viscous methodology that
later can be used for other nozzle configurations and flow
conditions.

In line with these goals, a number of simplifying assump-
tions are involved. The two most important are the use of a
thermally and calorically perfect gas and a two-dimensional
flow. For the viscous computation, we utilize locally similar,
laminar boundary-layer theory with the Prandtl number and
Chapman-Rubesin parameter equal to unity. The laminar
assumption is not necessarily unrealistic, since a characteristic
nozzle Reynolds number turns out to be rather small and the
boundary layers experience a large favorable pressure gradi-
ent inside the nozzle.

A number of topics are discussed in Ref. 4 that are omitted
here. These include justification of local similarity and the
unity values for the Prandtl number and Chapman-Rubesin
parameter. This reference also discusses the momentum theo-
rem, which is used to verify the inviscid formulation,
Reynolds analogy, the transfer of the pitching moment to a
different coordinate system, how singular integrals are analyt-
ically and numerically treated, and the various numerical
methods utilized. h

Ny

desirable. Our inviscid analysis of the half nozzle is kept brief,
since it parallels Ref. 1, which is for a conventional two-
dimensional MLN with a curved sonic line. Some details,
however, are essential for clarity and for the subsequent
viscous analysis because we hdve half of a nozzie whose inlet
is not necessarily sonic. ‘

In accord with MLN theory, the flow in region AA’B’B
is a source flow whose (apparent) center is the origin of the
coordinate system. Although this is a nonsimple wave region,
we have the usual isentropic area relation:

A 1 ( 2X )(v+1)/2(y—1)

A M

y+1 )

The mass flow rate, per unit depth, is given by

. M,-Poﬁia* y 1/2
m = (pAV); = XS? +DRe -1 (Rg TD) ®

where the inlet angle 8* is determined later. A tilde indicates
a dimensional length, whereas lengths without a tilde are
normalized with the inlet height Z;. Since 4 = R8*, we obtain
a functional relation that is'used in the subsequent analysis by
combining Eqgs. (1) and (2):

RIR; = A/4; = (M;/M)(X[X;)0* D20 =D = o(M;M,) (3)
Other useful relations in the source flow region are

0=v(M;)+v(M)=v+v, C, (4a)

O0=v(M;)—v(M)=v,—v, C_ (4b)

where 0 is an angle between the velocity and the lower wall,
v is the Prandtl-Meyer function, and C, and C_ represent
left- and right-running characteristics, respectively.

Region BB’C’ in Fig. 1 is a simple wave region. The
downstream border BC’ is a straight Mach line at a Mach
angle urand with a Mach number M. To determine the wall
contour B’C’, we equate the mass flow rates through PP” and
PP’, where P” is on the linear extension of 4’B’ and P’ is on
the contour B’C’, to obtain

TIR = (0* — 6)/sinp = M(8* — 0) ©)
Then, the coordinates of the contour B’C’ are given by
x/R = cosf + (I/R) cos(0 + u) (6a)

z/R =sinf + (I/R) sin(0 + ) (6b)

Dl e e et

5
i

Fig. 1 Schematic and part of the combustor for a MLN with A, > 1.
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where R, 6, I/R, and u are functions of the parameter M,
which is the constant Mach number along the PP’ Mach line.
The nozzle length is given by

Xp— x; = 0,0* cscO* cotp, + o cscf* — cotf* N

The initial expansion angle 8* is 0%, which minimizes the
nozzle length.! This 6% result holds when point B’ differs
from A’. When these points coincide, at low M, 0* equals
@Y, which is given by

0k =v,—v, (8
The coordinates of the points along the curved wall contour
B’C’ are determined by setting 6* equal to 6%, or 6%,
whichever is smaller. Substitution of Egs. (3) and (5) into
Egs. (6) yields

x = a csch*{cos(v, — v) + o[(M? — 1) cos(v, — v)

—sin(v, — v)]} (9a)
z = a csch*{sin(v; — v) + o[(M? — 1)1 sin(v, — v)
+cos(v,— )]} (5b)

where , along with other symbols, is defined in the Nomen-
clature. With all lengths normalized by Z;, the flowfield in
region A4’C’B is fully determined by specifying y, M;, and
M;. To determine the radius R, it is also necessary to specify
m(RgTa) 1/2/p0‘

Figure 2 shows 0* for different M, values when y = 1.4.
Along the vertically oriented curves, B’ = A4’, there is no
planar wall section in the upper wall, and 6* =0%. As M,
increases, we move to the more horizontal curve, where there
is a planar section and 8* = 6%,.

III. Viscous Formulation

We designate the lower wall with an @ subscript; 4 and c,
respectively, denote the straight and curved sections of the
upper wall. For each section, boundary-layer parameters such
as B, 1,, and g, are obtained. The analysis assumes a
boundary layer that may be already developed at the inlet of
the nozzle. For the boundary layer, § and g,, define local flow
conditions, where f is determined by the inviscid flow along
the wall. As a result of the perfect gas assumption and the
Chapman-Rubesin parameter equal to unity, we have
p=C,T. For later convenience, we replace C, in terms of a
Reynolds number Re, that is based on stagnation conditions,
the maximum flow speed, and the nozzle inlet height:

2h 1725 2 1/2 3.
Re, =2 D% ? P2 (10)
Ho (’Y - I)Rg Cu To/2

The formula for B in the source flow region is different
from that in the simple wave region. Separate formulas are,
therefore, derived for f for the three wall sections. We first
evaluate a general equation® for B, defined as

_2e am
b=t (1)
where
F=¢+ f " (oun, ds (12)
()

and ¢; is an arbitrary constant that represents the boundary
layer’s history upstream of point A. Although the Mach
number is evaluated at the edge of the boundary layer, we use
M instead of M, for notational simplicity and the trans-
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Fig.2 Initial expansion angle 6* vs exit Mach number M for the inlet
Mach number M; =1, 2, 3, and 4. Each case is represented by a broken
line that continues as a solid line.

formed lengths £ and s have been normalized with Z;. From
relations evaluated at the edge of the boundary layer®

u,= (R, T,) ?MX 1?2 (13a)
pe=(Po/RT)X 1O (13b)
po=C,T, X (13¢)
the integrand (puu), becomes
2)’2 \!72 P%EiF
= _— 14
(prn), (v = 1> Re,R.T, (14)

A. Wall Section a

Along wall g, the nondimensional wall length is given by
s = x —csch*, where x is obtained from Eq. (3) in terms of
the local Mach number by replacing R with x, and s is
measured from point 4. By differentiating Eq. (3) with respect
to M and noticing that dR = dx = ds, we have

o cscf*(M? — ) dM

e Iv; (15)
Substitution of Egs. (14) and (15) into Eq. (12) yields
MM?—1dM
é—£i+KfM,.—Xz—_7 (16)

where the constant X is

{2\ P2Z, cscO* M,
K= y—1) Re,R,T,XP+D20-D an

From Eq. (11), with

dg  K(M*-1)

18
dM MXx? (8)
we obtain § in terms of the parameter M:
2X? MM?—1dM
p=e |G+ K|
K(M?*-1) v, X M
The integral on the right side can be evaluated to yield
22X + KT)
== "7 1
where
M M2 —1dM
J(MM,) = f —
v, X M

iy M, (X\'? y+1 /1 1
- M(Z) ]“Lz(v—l)(i-‘})
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This pressure gradient parameter relation holds for a planar
wall with an imposed source flow Mach number distribution,
M = M(s). Observe that when M = M,, or s =0, B is propor-
tional to &;. Thus, & establishes the value of '8 at the nozzle
inlet. As is evident from the M2 —1 factor in Eq. (19), B is
infinite when M =1 with M, =1 and & #0. However, if
M=M;=1 and ¢ =0, B is indeterminant. In this circum-
stance, L’Hospital’s rule yields f = 0.4

B. Wall Section b

Since both walls a and & are adjacent to a source flow
region, the formulas for wall a can be employed with slight
modifications. The transformed length ¢; is replaced with &;,
which may be different from &;. With this change, we have

2X%¢&; + KD)

S AN ES T

z =x tanf@3},
(20a,b,c)

In contrast to the lower wall, the upper wall has a cusp when
M; =1. In this circumstance, we set £; =0, with the result
that § =0 at point 4’. The length ds is obtained from Egq.
(15). -

C. Wall Section ¢

The arc length along wall ¢ is ds = [(dx)2 + (dz)?]"% By
differentiating Eqgs. (9) with respect to M, we obtain

92_ _a csch*I cos (21a)
dM MX

dz o cscO*I sinf
dM - MX (210)

where dv = (M2 —1)2dM/(MX) is used. Thus, from Egs.
(21) we obtain

o cscO*1
MX

ds = M (22)

The transformed length £’ is given by Eq. (12), which be-
comes, with Eq. (14),

M 1dM

E=¢ 48+ K —— (23)
A'B My MX2

where Eq. (22) replaces ds, and &/, 5 is given by
$vp = KI(Mp M)

By differentiating Eq. (23) with respect to M and substituting
it into Eq. (11), we obtain f = 2X2¢’/(KI).

D. Discussion of f

In Fig. 3, the distribution of § along walls a, b, and ¢ is
shown for three £; values, with £/ = &,. Note that the value of
p at the end of wall b is larger than its value at the start of
wall ¢. This discontinuity stems from the discontinuity in
dM/ds, which is in accord with characteristic theory. The
dM /ds discontinuity is evident by comparing Egs. (15) and
(22) with @ =0, which occurs at the junction point, i.e.,

M _ MX wall b
ds — acsch*(M2-1)
dM MX
wall ¢

ds  2acsc OFMI—1)

Since £’ is continuous, the 1/2 factor in the latter equation
results in a similar discontinuity in f. It should be noted that
the local similarity assumption is not appropriate in a small
region downstream of this point. Nonsimilar calculations,’

J. AIRCRAFT

however, show that the skin friction rapidly relaxes down-
stream of a discontinuity in § to its value provided by the
locally similar solution.

An interesting observation is that when &, (=¢;) =0.05,
which is about 250% of the change in ¢ for wall a, § does not
increase monotonically. Rather, it initially decreases for a
short distance. The reason is that a large &; (or £;) initially
produces a large f value, which shortly settles down to an
increasing trend. This nonsimilar behavior is in accord with
the experimentally obtained f variation seen in Ref. 7.

E. Skin Friction and Heat Transfer

Reference 8 provides formulas for the skin friction and heat
transfer at the wall, such as

€ eug 1/2 1

zw(s)=<l’21;)E > . (24a)
eltelle \'? ,

4.9 =(p m) (hoe = )G (24b)

where the nondimensional length x is defined by

&+ f " (ouu), ds
0
(orid, (23)

With the aid of Eqgs. (13), (16), (20a), and (23), this relation
takes the following form for each wall:

X(s) =

M, cscO*(&; + KJ)

JE(M) = W)—, wall a (263)

_ M, csc0*(&; + KJ)

M) === wall b (26b)
_ M, csco* L, M [dM
x(M)=le—)(fi+fA'y+K MB/W)’

wall ¢ (26¢)

The parameters /', and G, are determined from a solution of
the laminar boundary-layer equations, once f and g, are
known. By using Eqgs. (13) and the relations

8,=T,/Te=T,/T, (272)
hoe —how =[y/(y — DIR, T,.(1 ~ g,) (27b)
Eqgs. (24) become
ot WIM?[(Re, %)
TW(M) = [2(,)) . 1)] 1/4X(5v —3)/4(y —1) (283)
1P.(1 — 8,)GLIGR,T,M)/(Re,%)] "
4u(M) = [2( — DI ;m— Jat; — 1) (28b)
50
0 , - . . .
0 50 100 150 200 250

X

Fig. 3 Distribution of § along the nozzle walls when M, =2, M, =6,
and y = 1.4 for three £; (=&) values.
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F. Boundary-Layer Thicknesses

From Ref. 8, the boundary-layer thicknesses are given by
the following relations, with B, g,,, and S as parameters:

Yo =1, + ){S( Wt G

1
(1+p(1-S
—(1 =g )1+ B(1 - S)C, }

Yat = Het S) {S( W+ Cv)

1
TaTpa-
—(1—g )1+ (1~ SC,}

T5*=(—1—_i_—ﬁ—)(1—_§5{5f,:,+[1
+B(1 = SC, — (1 —g,)C.1}
1 " pu—— — p—
Y0 =m w ﬁ[Cv (1 gw)Ct]}
Yo =Gy,

The parameters C,, C,, .., Y., [, and G, are tabulated in
the full-length version of Ref. 8, with f§ and g, as entrees.
However, we simply use the computer code of Ref. 8 as a
subroutine, so that interpolation is not necessary. The dimen-
sional nozzle inlet height Z; is introduced in Y, since X is
nondimensional.

IV. Performance Parameters

Formulas are obtained for the thrust, lift, pitching moment,
and heat transfer, per unit depth of flow. For an inviscid flow,
the thrust, lift, and pitching moment are determined only by
the pressure distribution along the walls. In this case, the
momentum theorem can be used to obtain the thrust and lift.*
However, for a viscous flow there is a change in the inviscid
parameters, and the theorem does not easily yield these
changes. Furthermore, it does not provide the distribution of
quantities of interest along the walls, which is a central
concern of this paper. An alternative approach is to use a
direct integration along the walls of local values of the
pressure, skin friction, and heat transfer. This approach has
the advantages that viscous effects are easily incorporated, the
wall distribution of heat transfer, etc., is obtained as a
byproduct, and truncation of the upper or lower nozzle walls
is readily performed.

A. Wall Section a
The force on wall a due to the pressure is given by

Fpa = —'[ pZNt dsé‘z
0
which becomes, by using Eq. (15) and p = p, X ~7/¢—D,
N Mo y(M2—1) dM .
F,, = —p,Z; cscf* J X@r-DG-D 31

M;

(292)

The upper integral limit is a running variable in order to
obtain a force distribution along the wall. The total force is
found by replacing this limit with M, All integrals in this
section are expressed in this manner.

The force due to the skin friction is

F, =J 1,Z; dsé,
0
which becomes, by using Eqgs. (15) and (28a),

VPoZ; csch* MaM A M2 = 1f,,
“~[2(y — 1)]"*Re 2 f F2xCr—DAe—D dae,  (30a)

M;
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where x is provided by Eq. (26a), and f’,(M) is provided by
a series of solutions along the wall of the boundary-layer
equations. This integral is singular when X = 0, which occurs
when both M = M, and &, = 0. Other subsequent integrals are
singular in a similar situation. Reference 4 discusses how these
singularities are resolved.

The pitching moment due to the pressure is

Mpa = ‘[ (EiXéx) X (_pZNt dSéz)
0

which becomes, by using Eq. (15) and p = p, X "¢~ D,

) M g2AM2—1) dM |
Mpa =pozt2 csc’9* J XY@ - D/y—1 V &

M;

(31a)

The pitching moment about the origin of the x,y,z system,
due to the skin friction, is

M, =0 (32a)

since the moment arm length is zero. As usual, a nose-lifting
moment is taken as positive.
The wall heat transfer is

Qa =J quidS
0

Substitution of Egs. (15) and (28b) into this equation yields

3 1/2
5 'R, T, 1 —ga
S N 0* g
Q, =p,2; csc < ) 26 — )7

Re,
M (M2 -G, dM
CxV2pU2) Oy —SHEG -1

(33a)

M,

where g,,, is the value of g, for wall ¢ and is assumed to be
a constant.

By normalizing Egs. (29a)—(33a) with proper reference
quantities that have the same dimensions as the performance
parameters, we obtain

~ F,
F

pa=m;= —H,e, (29b)
- YPoZi csch* i
forf (R e o
o~ M,
M, =—2—=H¢, (31b)

T p, 32 csc?h* -
M, =0 (32b)

0. = g, [{1PFi SO ORT,) (1 — g,.,)
T Rel[20y — D7

} =H, (33b)

The above H, integrals are summarized in Table 1. These four
H, integrals are evaluated over the interval M; < M < M.

B. Wall Section b

The forces, pitching moment, and heat transfer for this wall
are obtained by the same procedure that is used for wall a.
We thus have

E,= _Fw
7 p,Z csch*

£ —F YD, Z; cscO*
U 20 — 1)]V4Rel?

= H,(—sinf*é, + cosf*é,) (34)

} = H,(cosf*é, + sinf*é,)
(35
. M,

P
pb

¥
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Table 1 Summary of the H; integrals

M (M2 —1)
= i, MX@ = DIG=D M

M oMM~ 1),
H,= J;m F2xGr—DRG— D dm
M g (M2 -1
Hy=| XM D gy

v, MX® =DIG =D
H M a(M? - 1)G,
4 |, RRM2Y Y =4k~ 1)

daM

M « )
Hy= JMB, WI sinff dM

M a
H,= JM XE D= Icos dM

aM2fT,

M
H,= ———————J cosf dM
7 j‘MB, 120y~ D4 — 1

M 1/24n
oMV, .
FEXGT— ARG =D I'sind dM

I
§

M a1+ e(M? 1)
=f [MX(zy(—l)/(y— n o 1dM
Mg
M O(ijul/zj"/‘;
H10=Lymsz
M aG,
H, = jMB' F12pf172 3 (77— 5)/al — 1) 1dM

M, =0 37

Q — Q ypofi CSCO*('ngTD) 12 (1 —gwb)
b Reg[2(y — DT

}= H, (3%

where 6* = 6%,,g,.,, is assumed to be constant and may differ
from the a or ¢ values. The length x is given by Eq. (26b), and
the range for the H, integrals is M; <M < M.

C. Wall Section ¢
The force due to the pressure is given by

s
F,= J pZ; ds(—sinfé, + cosbé,)
Sg

where 0 is the variable angle between this wall and the x axis.
Substitution of Eq. (22) and p = p, X ~"¢ D yields

s M ol dM o .
F,. =p,Z; cscO* J‘ME’ TR (—sinfé, + cosbé,)

(392)

The sinf and cosf terms are given by

. z
sinf = —

se—d—x
s TG

where the differentials are provided by Egs. (21) and (22).
After simplification, these become

sinf = sin(v, — v), cosfl = cos(v, —v)

in accord with a Prandtl-Meyer expansion. For brevity, we
use O instead of v, —v(M) in the following analysis and in
Table 1.

The force due to the skin friction is given by
S
F, = J 1,,Z; ds(cosbé, + sinfé,)
Sg .

With the aid of Eqs. (22) and (28a), this becomes

_ Yp.%; cscb* M
20 — D]"Re}?

x (cosfé, + sinfé,) (40a)

aMY2f" [ dM
Ry G =G - 1D

Mp

The pitching moment due to the pressure is

S
M, = f [£;(xé, + 28,)] x [pZ; ds(—sinfé, + cosbé,)]
Sg

From Egs. (9), we have
x cosf + z sinf = o csch*[1 + w(M? — 1)172]

where v, — v is again replaced with 6. By using Eq. (22) and
the above result, M,,. becomes

M 021+ o(M?—1)V7]
g 32 2 ¢
M, = —p,Z; csc’0* J‘MB' MXY@—-DIG—1 rame,
(41a)

Similarly, the pitching moment produced by the skin friction
is given by

S
M, = j [Z;(xé, + 2&,)] x [1,,2; ds(cosOé, + sinbé,)}
Sp .
Using Egs. (9), we have
—x sinf + z cosf = aw csch*

Hence, M,, becomes, by using Eqgs. (22) and (28a),
jM 2oM3f",

DGR

M. = PD,E7 csc2h*
[2¢ — D]Y*Re;"

~TdM@, (42a)

Mp

. The heat transfer at this wall is given by

S
Q.= f 9.2 ds
S5
By substituting Eqs. (22) and (28b), we obtain
N YR T\ 1—¢g
— g g* g4 o we
Qc YPo2; CSC < Reo ) [2(,)) _ 1)5] 1/4
M «G,I dM
1tg XM XY= G~ D (432)

The above equations are normalized and can be written as

" F

pe
pe

=m= —Hséx-‘l'Hﬁéz (39b)

N YPoZ; cscf* . N
F.= Fn/{m} =H;é, + Hygé,  (40b)

. M
Y L — >
My =y = —Hod, (41b)

N P52 csc?0* .
ot | e = ety
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Q Q /{ypofi CSCB*(‘))RgTo) 1/2(1 _gwc)

ReP[2( — 1) }=H“ (45)

These H,; integrals are evaluated over the interval
Mg <M < M,,, where the truncation Mach number M,, sa-
tisfies Mp <M, < M, The upper limit of integration de-
pends on the amount of truncation, which is determined by
various design considerations.

D. Nondimensional Performance Parameters
We define the thrust coefficient as

thrust when discharging into vacuum
£ p o RB’i 0 *

which is in accord with the usual sonic throat definition, and
where the arc length R;0* equals Z;0*csc6*. The nondimen-
sional thrust coeflicient is obtained by summing up the force
components in the x-direction for the three walls, with the
result
Cr = thrust/(p,Z,0* csc0*) = thrust/F, = Cpyy, + Crois
Criny = (1/0®)[sin6*H,(Mp) + Hs(M,)]
Crvis = —7/{[2(y — D]*Re}[20*} x [Hy(M,)
+cosb*Hy,(Mg) + H,(M,,)]

Similarly, by summing up the force components in the z direc-
tion, the nondimensional lift coefficient is obtained:

CL = hft/Fr =\ CL inv + CL vis
Criny = (105 ~H (M) + cos0*H,(M ) + He(M,,)]
Cprvis =/{[2(y — D]'*Re}? 6*} x [sin0*H,(M p) + Hs(M,,)]

The nondimensional pitching moment coefficient is obtained
as

pitching moment pitching moment
Cu= = =C inv C vis
M p E20* csc?h* M, ainy + Cae
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CMinv = (1/9*)[H3(Mf) . H3(MB’) - H9(Mtr)]

Cur o = yH (M)
T2 — DI ReT?0*

The pitching moment is normalized by the force P.(R:0%), per
unit depth, and the length R,. Finally, we obtain the non-
dimensional total heat transfer as

total heat transfer

o

- i —8ua) HaM;) +(1—g,,)Hs(Mp) +(1 —g, . )H (M,)]
[2(y — 1)°]*Re 2 0*

_ total heat transfer _
2 pz0% cscO*(R,T,) "> N

V. Results and Discussion

Three nominal cases are considered for which the input
parameters are y =14, R, =287kJ/kg-K, C,=5.82x
108 kg/m-s-K, %, =4cm, p,=2atm, T,=3000K, T,,
450K, T, =T,.=300K, and M, = M,. The gas is air and
C, is based on the Sutherland equation evaluated at 375 K.
Since M,, equals M, no truncation is involved. Other condi-
tions are shown in Table 2, where the nominal cases are
denoted by a b superscript. For convenience, we hereafter set
&, = ¢&;; this choice is not necessary. For cases 101-103, ¢,
equals zero to avoid B becoming infinite in Eq. (19) when
M =1. For cases 201-203 and the subsequent cases, &; is
approximately 50, 100, and 250% of the change in & provided
by wall a. For case 205, the key parameters are g, = 0.15,
Zwb =Lve =0.1, 0% =41.6 deg, m =3.88 kg/m-s, K =2.33 x
102 kg?/m>s%, Mg =2.69, Re, =1.32 x 10°, xp — x;, = 46.3,
xp—x; = 250, and z,= 34.5. We shall vary 7, g,,, & (=¢£)),
M,, M., and M,, about the nominal casés. The dependence on
Re, is obtained from the above equations.

Figures 4 and 5 show the inviscid thrust and lift coefficients
vs M, for the M, values of the nominal cases. The leveling off
occurs when the exit velocity approaches its maximum value.
The sharp break in the C; and Cy curves occurs when point
B’ separates from point 4’ and the slope of 0*, with respect
to M, changes discontinuously (see Fig. 2). Observe that C,
often exceeds Cp, sometimes by a substantial margin. Another
important observation concerning these figures is the rapid

Table2 Input conditions and the reference force, moment, and heat transfer
for the cases considered

Po» & (or &7), F, M, 0,
Case M, M, atm kg-N/m? N/m N Jjs-m
101 1 4 1 0 4.51 + 32 2.53+2 419+ 6
102° e _— 2 —_ 9.02+3 5.06+2 837+6
103 _— e 5 e 226 +4 1.27+3 2.09+7
201 2 6 1 1.0-2 44343 2.67+2 41146
202 —_ _ — 20-2 -— _ —
203 — e — 5.0—2 _ — —_
204 e _ 2 1.0-2 8.86+3 534+2 82246
205° —_— —_— e 20-2 — e  —
206 e e —_— 50-2 —_— —_— —_—
207 _— — 5 1.0-2 222+ 4 13443 206+7
208 — —_— — 20-2 —_— — —_—
209 —_— _ _ 50-2 i —_— —_
301 4 8 1 1.0-3 42443 341+2 3.94+6
302  — e e 20-3 _ e
303 —_— — — 5.0-3 _ —_— e
304 _ e 2 1.0-3 84843 6.82+2 787+6
305> e — — 20-3 e —_ e
306 — e — 50-3 —_ — —_
307 e e 5 1.0-3 21244 1.71 +3 19747
308 —_— — — 20-3 — — o
309 e e _ 50-3 e _— e

2Read as 4.51 x 103,
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a:& =365x10™
b & =150 x 1073
c:€ =585x1073
Wall b | Wall ¢
c
¢
/ b
/ a
0 25 5 0 1 2 100 200 300
s s s
Fig. 4 Nondimensional inviscid thrust coefficient vs M with y =1.4.
1.0 0.5 I
0.4
0.8 0.3
M; =1
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0.21 -0.1
4 -0.2
0.01 - T T T T —0.31 i
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Fig. 5 Nondimensional inviscid lift coefficient vs M, with y =1.4.

1.07

0 5 10 15 20
M;

Fig. 6 Distribution of the thrust coefficient along the nozzle walls for
case 205.

decrease in both coefficients with increasing M;. This is pri-
marily caused by the decrease in pressure, with a fixed p,
value, when M, increases. As indicated in Ref. 9, an optimum
nozzle inlet Mach number for thrust is unity. ‘
Figures 6—8 show the distribution with nondimensional
wall arc length of the performance parameters for case 205.
The figures consist of two panels; the left oné is for wall @ and
the right one is for walls » and c¢. The wall a panel is not
provided when the parameter is zero or negligible; conse-
quently, Fig. 6 shows the thrust only along walls b and ¢. The
curve represents the accumulated thrust up to the point
concerned, including the very slight initial negative thrust
from wall a. This interpretation applies to all subsequent
figures of this type. As seen in the figure, most of the thrust is
obtained from the upstream part of the upper wall. Also
shown are the Mach number values at several wall locations.
Figure 7 provides the distribution of lift along the nozzle
walls, where wall @ generates a negative lift. The value of lift

S

Fig. 7 Distribution of the lift coefficient along the nozzle walls for case
205.

0.5
0.4
0.3
0.2

¢ 0.1
-0.0
-0.1
-0.2
-0.3

0 25 50 0 100 200 300
s s

Fig. 8 Distribution of the pitching moment coefficient along the nozzle
walls for case 20S.

at the beginning of the upper wall starts with the value at the
end of wall a. Sufficient lift is generated by the upper wall to
more than compensate for the negative lift of wall a. This
result is in accord with Figs. 4 and 35, since viscous effects on
the lift, thrust, and pitching moment are slight for case 205.

Figure 8 shows that walls » and ¢ generate a negative
pitching moment about the origin shown in Fig. 1. This
moment is counter to the positive pitching moment of the
forebody.

As expected, the &; variation in Table 2 produces only small
changes in Cp, C;, and C,,.* However, changes in ¢, cause a
significant change in § (see Fig. 3), and in the heat transfer, as
shown in Fig. 9. Most of the heat transfer occurs on the
upstream part of walls a and b, and active cooling may be
required. For example, when y = 1.4 the maximum heat trans-
fer rates, for case 205 at the start of walls a and b, are
286 kW/m? and 300 kW/m? respectively. On most of the
upper nozzle wall, however, the rate of heat transfer is
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moderate. The change in C,, with £, is not negligible; increas-
ing & reduces the heat transfer. ]

The heat transfer, of course, depends on the assumed wall
temperatures. For instance, case 205 has been run with T,
increased from 450 K (g,,, = 0.15) to 750 K (g,,, = 0.25), leav-
ing T, and T, at their nominal values. With this change, C,,
decreases from 1.06 x 1072 to 9.61 x 1073, and the change in
other performance parameters is even smaller. The percentage
change in C, is not large because only wall g is affected.

The velocity boundary-layer thickness 6 is shown in Fig. 10
for cases 204, 205, and 206. This thickness increases rapidly
due to the increase of the speed parameter S. At the inlet of
the nozzle, as seen in the inset, there is an appreciable spread
for the three &, cases. The relative difference, however, de-
creases with distance.

Table 3 summarizes global results for case 205, where
separate viscous and inviscid values are provided. Clearly, Cp,
C,, and C,, are barely altered by the boundary layer.

Table 4 provides similar viscous global results for the
nominal cases. The untruncated nozzles associated with these
cases are all different as indicated by the 0* and x,—x,
columns. As M, increases, there is a rapid decrease in the
magnitudes of Cr, C;, and C,,, in accord with Figs. 4 and 5.
Since the normalizing reference values F,, M,, and Q, depend
on 0*, they are slightly different for each case (see Table 2).
Because of the large Mach number values in case 305, there is

10
o—
S —10
-20
30— . : .
0 25 50 0 100 200 300

S S

Fig. 9 Distribution of heat transfer coefficient along the nozzle walls
for cases 204, 205, and 206.

0.04

0.03

€2 0.02

0.01

0.00 — 4 : -
0 25 50 0 100 200 300
i S ’

Fig. 10 Velocity boundary-layer thickness along the nozzle walls for
cases 204, 205, and 206.
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a sizable decrease in thrust due to viscous drag.* More
important in this case is the breakdown of the thin boundary-
layer assumption, as ascertained by the nondimensional dis-
placement thicknesses at points B and C’.*

To reduce the size, weight, and drag of the vehicle, it is
advisable to truncate the upper wall of the nozzle. The effect
of such a truncation is shown in Table 5 for case 205. Note
that when M, has decreased to 4.5 the upper wall terminates
ahead of the lower wall. As expected from Fig. 6, the thrust
decrease is quite modest for a sizable truncation. For instance,
if M, =5 and y =1.4 the thrust decreases by only 4.1%,
whereas the upper wall length decreases by 67%! The small
thrust decrease is attributable to the shallow angle of the
downstream wall, where the pressure is sharply reduced, and
to the skin friction along this wall. A still smaller value than
5 for M, might be attractive, except now both C; and C,,
start to rapidly decrease in magnitude. As expected from Fig.
9, there is little change in Cy, with truncation when M, > 5.

Table 5 repeats the computation with y decreased to 1.3,
which should be closer to an actual scramjet ratio of specific
heats. While all other input conditions are the same as in case
205, the nozzle is significantly longer, as shown by x,— x;.
This effect is also evident in Fig. 17.7 in Ref. 1; it takes a
longer nozzle to expand a gas between prescribed Mach
numbers when 7y is closer to unity. With no truncation, the
decrease in y results in a moderate thrust increase, a negligible

change in lift, and a large change in the pitching moment and

heat transfer. With truncation, the relative changes are ap-
proximately the same, except for the lift, which decreases
more rapidly at y=1.3 than at y=1.4.

At any M, value;, C,, in Table 5 is appreciably larger when
y = 1.3. This is partly due to the increase in surface area when
y = 1.3 as compared to y = 1.4. The dominant effect ( ~40%),
however, is due to the increased value for the specific heat at
constant pressure. With a.constant Prandtl number, this
results in an equivalent increase in the thermal conductivity
and, thus, in the heat transfer.

The last table (Table 6) shows the various boundary-layer
thicknesses at points B and C’ for the nominal cases, along
with the nozzle exit height, z- and wall a length. As evident at
point C’ for case 305, the thin boundary-layer assumption is
invalid. Truncating wall ¢ would reduce the boundary-layer
thickness at its downstream edge. Nevertheless, the thin
boundary-layer assumption is still invalid for this case by
comparing the thicknesses with the height of the nozzle at
point B.

Table 3 Performance parameters and heat transfer for case 205

Parameters wall a Wall b Wall ¢ Total
Cr —-4.13-3 571-2 1.90—1 243 -1
Crinv 0 579 -2 1.97 -1 2.55-1
Fvis —-413-3 —-850—-4 —-638—3 —1.14-1
C, —2.51—-1 6.60 —2 599 -1 4.14 -1
Crinv —-2.51-1 6.53 -2 5971 4.11-1
I vis 0 7.60 —4 2.12-3 288-3
Cy 1.38 —1.18—~1 24741 -234+1
Cotinv 1.38 —~1.18—1 =247+1 —235+1
M vis 0 0 381 -2 381-2
Co 3.10-3 1.13-3 6.39—3 1.06 —2

Table 4 Performance parameters and heat transfer for the three nominal cases

Case Cr C, Cyy Co 0*, deg Xp = X;
102 497-1 7.56—1 —1.44+1 2392 455+1 5.98 +1
205 243 -1 4141 —234+1 1.06 —2 416 +1 250+2
305 1.30—2 544 —2 —1.54 395-3 298 +1 1.81+2
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Table 5 Effect of My and v on the performance parameters and heat transfer
for case 205

y M, Xp—X; Cr C, Cur Co

1.4 6.0 25042 2431 414 -1 —234+1 1.06 —2
5.5 14742 242 -1 337-1 —1.34 41 9.96 —3
5.0 826+1 234-1 253-1 —6.97 921 -3
4.5 430 +1 2.18—1 1.62 -1 —3.00 836 -3
4.0 204+1 191-1 6.50 —2 —7.05—1 7.38-3
3.5 8.41 1.50—-1 —349-2 513 -1 6.27 -3

1.3 6.0 5.39+2 2.87-1 415—-1 —532+1 1.54 —2
5.5 281 +2 2.84—1 3.13-—-1 —2.60+1 143-2
5.0 13742 271 -1 2051 —-1.09+1 1.31 -2
4.5 6.10+1 245—-1 9.20-2 —3.07 1.18 -2
4.0 24241 2.05—1 2.06—2 6331 1.03 -2
35 8.03 1.50 -1 —126—1 2.19 8.64—3

Table 6 Nondimensional boundary-layer thicknesses at points B and C’, nozzle length, and nozzle exit
height when y = 1.4

Point  Case o d, o* 9* ¢ z, Xg —X;

B 102 2671 298 —1 6.60 —2 3.50—-2 532-2 — 1.40+1
205 1.50 1.67 4321 1.72 -1 2951 E— 4.63+1
305 2.31 2.49 1.15 191 -1 3.17—-1 o 3.39+1

C’ 102 5.09—1 5.52—-1 148 —1 6.68 —2 8.99—-2 1.19+1 —_—
205 3.65 3.93 1.59 3.69—~1 530—1 345+1 ——
305 9.14 9.60 5.56 6.49 —1 9.09—1 1.86 +1 —_—

V1. Conclusions References

Our principal findings are that the thrust and lift rapidly
decrease as the nozzle’s inlet Mach number increases above
unity. The nozzle not only develops lift but this lift can exceed
the thrust. The development of lift is proven by both the
momentum theorem and by a straightforward integration of
pressure along the wall surfaces. The nozzle also develops a
substantial pitching moment that should partly counter the
oppositely oriented moment developed by the forebody.

The heat transfer is most intense on the upstream edges of
walls a and b. There is little loss in thrust when the upper wall
is significantly truncated. Depending on the amount of trun-
cation, the decrease in the lift and pitching moment is moder-
ate. Finally, we observe that some of our results are sensitive
to y. In particular, decreasing y from 1.4 to 1.3, with M, =5,
increases the magnitude of Cr, Cyy, and Cop, but decreases Cy. .
Because of its greater length, a low v nozzle may have greater
amount of truncation than a high y nozzle.
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